Abstract. This is a sequel of [21] , which provides a general formalism for this paper. We mainly investigate thoroughly a subclass of toric generalized Kähler manifolds of symplectic type introduced by Boulanger in [4] . We find torus actions on such manifolds are all strong Hamiltonian in the sense of [21] . For each such a manifold, we prove that besides the ordinary two complex structures J ± associated to the biHermitian description, there is a third canonical complex structure J 0 underlying the geometry, which makes the manifold toric Kähler. We find the other generalized complex structure besides the symplectic one is always a B-transform of a generalized complex structure induced from a J 0 -holomorphic Poisson structure β characterized by an anti-symmetric constant matrix. Stimulated by the above results, we introduce a generalized Delzant construction which starts from a Delzant polytope with d faces of codimension 1, the standard Kähler structure of C d and an anti-symmetric d × d matrix. This construction is used to produce non-abelian examples of strong Hamiltonian actions.
Introduction
Generalized Kähler (GK) structures are the generalized complex (GC) analogue of Kähler structures in complex geometry. It first appeared in the guise of biHermitian geometry in physicists' attempt to find the most general 2-dimensional N = (2, 2) supersymmetric σ-models. It was M. Gualtieri who first developed GK geometry in [12] [14] and found it is actually equivalent to the biHermitan geometry physicists are interested in.
Nontrivial GK manifolds are not that easy to construct. In the literature, the most successful method is probably provided by deforming a usual Kähler structure by a holomorphic Poisson structure. In this respect, R. Goto proved in [10] a stability theorem of GK structures, which implies that deforming the complex structure of a compact Kähler manifold by a holomorphic Poisson structure can always be accompanied by a compatible deformation of the symplectic structure such that the resulting 1 structure is a nontrivial GK structure. Other general formalisms for constructing GK manifolds include GK reduction of [5] [20] , Hamiltonian deformations of [14] and more recently GK blow-ups in [8] .
Goto's result is in nature an existence theorem and beyond the search of examples.
In [4] , Boulanger started to investigate toric GK structures of symplectic type on a toric symplectic manifold (M, Ω, T, µ) (T is a torus acting on M in a Hamiltonian fashion, µ the moment map and the symplectic form Ω provides one of the two underlying GC structures); in particular he found a subclass of such structures called anti-diagonal ones, which could be effectively described by a strictly convex function τ defined in the interior of the moment polytope ∆ and an anti-symmetric constant matrix C. This is an extension of the beautiful Abreu-Guillemin theory which characterizes a toric Kähler structure in terms of such a convex function referred to as a symplectic potential. The anti-symmetric matrix C in Boulanger's result seems occasionally to represent a holomorphic Poisson deformation as demonstrated in [4, Corollary 2] at least at the infinitesimal level. So in this respect, Boulanger's study can be viewed as an explicit realization of Goto's general theorem.
Anti-diagonal toric GK structures of symplectic type are also the central objects of the present paper. However, our approach towards these structures draws some essential new ideas from the author's recent work [21] . In [21] , to find an analogue of GIT (Geometric invariant theory) quotient in the GK setting, the author introduced the notion of strong Hamiltonian action of a compact Lie group and investigated several elementary properties of this notion. Actually it is to look for more examples of strong Hamiltonian action that brought Boulanger's work into our sight. We shall revisit anti-diagonal toric GK structures of symplectic type from the viewpoint of [21] , which facilitates the global characterization of such structures, in contrast to Boulanger's mainly local results.
The main result we obtain in this paper are as follows. i ) For an anti-diagonal toric GK structure of symplectic type, its underlying GC structure J 1 (not the one induced from Ω) is always a B-field transform of a GC structure J β induced from a holomorphic Poisson structure β characterized by the anti-symmetric constant matrix C. ii ) Conversely, any toric Kähler structure together with an anti-symmetric constant matrix C always gives rise to an anti-diagonal GK structure of symplectic type.
A weaker version of part ii ) was already obtained by Boulanger from a viewpoint of deformation, requiring that the involved matrix C be sufficiently small. We don't need this restriction and thus in this respect our result goes beyond Goto's stability theorem which is basically a result of deformation theory.
The key point of the above result i ) is to determine which complex structure we should refer to when we say β is holomorphic. Underlying the GK structure are two complex structures J ± , but neither of them is the correct choice. A clue to the solution did appear in Boulanger's work: the symplectic potential τ in [4] does determine a toric Kähler structure at least on the open dense subset µ −1 (∆) ⊂ M, where∆ is the interior of ∆. Boulanger did prove that this Kähler structure is globally well-defined on M in real dimension 4.
Another clue comes from [21] . For a compact connected Lie group K, the author proved in [21] that a strong Hamiltonian K-action on a compact GK manifold can always be generalized complexified (see § 3 for details) and a stable orbit of this action acquires a natural K-equivariant Kähler structure from the ambient space; in particular its complex structure actually stems from the complexified group K C . We prove in this paper that, the condition of being anti-diagonal is equivalent to the requirement that the torus action be strong Hamiltonian. In this context, µ −1 (∆)
is consequently an orbit of the underlying generalized complex T C -action and thus obtains a complex structure J 0 in this fashion. We prove that J 0 coincides with the complex structure underlying Boulanger's work. Since T C acts in a global way on M,
we believe that J 0 should be globally defined on M in general.
To prove J 0 is actually global, we have refined Boulanger's compactification conditions by replacing a positive-definiteness condition with a non-degeneracy one, which is technically much easier for use. We also draw upon some important observations from [21] . It should also be emphasized that, though from a symplectic viewpoint the torus action on M is fairly classical, we choose to fit it in the more general setting of extended actions of [5] and [21] . Without this, some underlying geometric structures won't reveal themselves naturally.
The detailed structure of the paper is outlined as follows. The first two sections § 2, § 3 are devoted to recalling the basics of GC geometry and (strong) Hamiltonian actions. The main body of the paper is § 4 and § 5. After briefly recalling Abreu-Guillemin theory and Boulanger's generalization in § 4.1, in the local theory developed in § 4.2 we first slightly generalize Boulanger's observation (Thm. 4.2).
After that we prove for toric GK structures of symplectic type, being anti-diagonal is equivalent to that the torus action is strong Hamiltonian (Thm. 4.3). In Thm. 4.4
and Thm. 4.5, we prove that the two complex structures on µ −1 (∆) mentioned before do coincide and J 1 is actually a B-transform of a GC structure induced from a holomorphic Poisson structure β. In § 4.3, the problem of compactification is addressed.
After having refined Boulanger's compactification condition in Lemma 4.6 and Corollaries 4.8, 4.11, we finally prove that the complex structure J 0 is actually globally defined on M and any given toric Kähler structure together with an anti-symmetric constant matrix can produce a toric GK structure. § 4.4 is included for completeness to see what happens to M\µ −1 (∆). It is mainly an application of Goto's observations in [11] to our specified setting. § 4.5 contains an explicit example on CP 1 × CP 1 to demonstrate the general theory. According to our theorems, the starting point of constructing a toric GK structure is a toric Kähler structure and a canonical choice is thus the one produced by the famous Delzant construction naturally associated to a Delzant polytope [7] . We then prove in § 5 that toric GK structures constructed from this canonical Kähler structure can be interpreted from the viewpoint of GK reduction (Thm. 5.1), just as Delzant's construction is a successful application of Kähler reduction. This leads to the introduction of our generalized Delzant construction.
This procedure is used in § 5.2 to provide examples of non-abelian strong Hamiltonian actions. The appendix collects some facts on matrices which are elementary but frequently (sometimes implicitly) used in the main text.
Basics of generalized geometry
Though we will finally deal with only compact toric symplectic manifolds, we do need some general background to lay the foundation of our approach to toric GK manifolds of symplectic type. In this section, we collect the necessary material of generalized geometry. The basic references are [12] and [13] .
A Courant algebroid E is a real vector bundle E over a smooth manifold M, together with an anchor map π to T M, a non-degenerate inner product (·, ·) and a so-called Courant bracket [·, ·] c on Γ(E). These structures should satisfy some compatibility axioms we won't mention here. E is called exact, if the short sequence
is exact. In this paper, we only deal with exact ones. Given E, one can always find an isotropic right splitting s : 
By the bundle isomorphism
called the H-twisted Courant bracket. Different splittings are related by B-tranforms:
Definition 2.1. A GC structure on a Courant algebroid E is a complex structure J on E orthogonal w.r.t. the inner product and its
under the Courant bracket. We also say J is integrable in this case.
Since J and its √ −1-eigenbundle L are equivalent notions, we shall occasionally use them interchangeably to denote a GC structure. For H ≡ 0, ordinary complex and symplectic structures are extreme examples of GC structures. Precisely, for a complex structure I and a symplectic structure Ω, the corresponding GC structures are of the following form:
A nontrivial example beyond these is produced by a holomorphic Poisson structure β: Let β be a holomorphic Poisson structure relative to a complex structure J on M.
where Imβ is the imaginary part of β.
Definition 2.2.
A generalized metric on a Courant algebroid E is an orthogonal, self-adjoint operator G such that (G·, ·) is positive-definite on E. It is necessary that
A generalized metric induces a canonical isotropic splitting:
It is called the metric splitting. Given a generalized metric, we shall almost always choose its metric splitting to identify E with T M ⊕ T * M. Then G is of the form 0 g −1 g 0 where g is an ordinary Riemannian metric.
A generalized metric is an ingredient of a GK structure. Definition 2.3. A GK structure on E is a pair of commuting GC structures (J 1 , J 2 )
A GK structure can also be reformulated in a biHermitian manner: There are two complex structures J ± on M compatible with the metric g induced from the generalized metric. Let ω ± = gJ ± . Then in the metric splitting the GC structures and the corresponding biHermitian data are related by the Gualtieri map:
Note that β 1 := − If J 2 is a B-transform of a GC structure J Ω induced from a symplectic form Ω, the GK manifold (M, J 1 , J 2 ) is said to be of symplectic type. It is known from [9] that for a given symplectic form Ω, compatible GC structures J 1 which, together with a B-transform of J Ω , form GK structures on M are in one-to-one correspondence with tamed integrable complex structures J on M such that its symplectic adjoint
* Ω is also integrable. This fact greatly facilitates the study of GK structures of symplectic type. Precisely, in the metric splitting, if we set
then it can be simply obtained that
These are basic identities we will use frequently later. Recall that J + is tamed with Ω in the sense that the symmetric part of −ΩJ + is a Riemannian metric on M.
Strong Hamiltonion actions and GK quotients
In this section, we recall the notion of (strong) Hamiltonian actions in the GK setting and some relevant results from [20] [21] . The exposition here is slightly different from that of [20] in that we follow the spirit of [5] and stick to the metric splitting if a GK structure is in place.
Let K be a connected Lie group (with Lie algebra k) acting on the manifold M from the left. Then the infinitesimal action ϕ 0 : k → Γ(T M) is a Lie algebra homomorphism. Since in generalized geometry T M is replaced by a Courant algebroid E, we would like to lift the k-action to E.
e. the image of ϕ is isotropic pointwise w.r.t.
the inner product and ii) ϕ preserves the brackets, i.e. ϕ(
If this action integrates to a K-action on E, we call it an isotropic trivially extended
There is a fairly general theory of extended K-actions in [5] , but we don't need such generality. In the rest of the paper, when referring to an extended k-action (or K-action), we always mean an isotropic trivially extended one.
Given a splitting of E preserved by the extended action, the infinitesimal action can be written in the form ϕ(ς) = X ς + ξ ς , where X ς is the vector field generated by
If the underlying K-action on M of an extended K-action is proper and free, the
Courant algebroid E descends to the quotient M/K. Precisely, let K be the subbundle of E generated by the image of ϕ and K ⊥ ⊂ E the orthogonal of K w.r.t. the inner product. Then K ⊂ K ⊥ and we can obtain a Courant algebroid E red :=
whose Courant bracket and inner product can be derived from the Courant bracket 
Let a compact connected Lie group K act on a GK manifold (M, J 1 , J 2 ) in the extended manner, preserving the GK structure on M and consequently the metric splitting. The notion of (generalized) moment map can be defined in the more general context of GC manifolds. As a convention, when referring to a moment map in the GK setting, we always mean one associated to J 2 . 
for any ς ∈ k. If this happens, the action is called Hamiltonian. If additionally β 1 (dµ ς , dµ ζ ) = 0 for any ς, ζ ∈ k, we say the action is strong Hamiltonian. Note that β 1 is the Poisson structure associated to J 1 .
A more friendly reformulation of the strong Hamiltonian condition β 1 (dµ ς , dµ ζ ) = 0 is (J 1 (X ς + ξ ς ), X ζ + ξ ζ ) = 0, which is motivated by the attempt to complexify the extended k-action at the infinitesimal level [21] . The importance of the notion of strong Hamiltonian actions lies in the fact that the group actions can be generalized complexified in a fashion compatible with the underlying geometry and one can develop the GIT aspect of GK reduction [21] . A sketch of this theory goes as follows:
Eq. (3.2) is equivalent to the following equation
where
It's easy to show J 1 (X ς + ξ ς ) = −Y ς and we can define the action of k C = k + √ −1k in a manner similar to the ordinary case of complexifying a holomorphic action of a compact group on a complex manifold:
That the extended K-action is strong Hamiltonian assures that the above map is really a Lie algebra homomorphism from k C to E. Under suitable conditions (e.g. M is compact), this Lie algebra action can integrate to an extended K C -action on M.
We shall call this action a GC action to emphasize its origin. The GC action will preserve J 1 and its associated Poisson structure β 1 .
For simplicity, let M be compact and K act on µ −1 (0) freely, then as Lin-Tolman showed in [20] , the quotient µ −1 (0)/K acquires a natural GK structure in a manner similar to the classical Kähler reduction. On the other hand,
open submanifold of M and inherits a GC structure J 1 | Z . A surprising result in [21] is that each K C -orbit O ⊂ Z acquires a natural Hamiltonian K-equivariant Kähler structure from the ambient space in the following fashion: on O one can simply define a complex structure J 0 by letting J 0 X ς = Y ς and define a metricg by letting
J 0 is actually the complex structure induced from the standard one on K C andg is the restriction of the generalized metric G on the bundle
by the GC action of K C is a GC manifold and can be viewed as the GIT quotient in the GK setting. In [21] , the author has proved that this quotient can be identified with the GK quotient in the sense of [20] Let (M, Ω, T, µ) be a compact toric symplectic manifold and t ∼ = R n the Lie algebra of T. By the famous convexity theorem of Atiyah-Guillemin-Sternberg [3] [17], the image ∆ of µ is a polytope in t * = (R n ) * which is the convex hull of the image of fixed points of the torus action. ∆ is thus called the moment polytope. A famous theorem of Delzant states that compact toric symplectic manifolds are classified by their moment polytopes ∆ up to equivariant symplectomorphism [7] .
Given a compact toric symplectic manifold (M, Ω, T, µ), Guillemin in [14] showed that compatible T-invariant Kähler structures are actually also determined by data specified on the moment polytope ∆. The theory is partially sketched below. {θ j + √ −1u j } is thus a local holomorphic coordinate system onM (actually, these u j 's are globally defined onM due to the fact that∆ is simply connected). On the other side, {ϑ j } and {dµ j } determine the same integrable Lagrangian distribution D generated by {X j } and thus these u j 's are all functions depending only on µ, i.e.
(4.1)
It is easy to check that θ j , µ j are Darboux coordinates, i.e. onM
Compatibility of I with Ω forces the matrix φ = (φ kj ) to be symmetric and positivedefinite, and integrability of Eq. (4.1) implies that φ must be the Hessian of a function τ defined on∆ (positive-definiteness of φ then means that τ is strictly convex).
Due to the cental role of τ , it is called the symplectic potential of the invariant Kähler structure I, 2 which provides a very practical computational tool in examining geometric ideas. Some distinguished applications can be found in [1] .
Boulanger's generalization went in a similar spirit. He considered T-invariant GK structures (J 1 , J 2 ) of symplectic type on (M, Ω, T, µ), where J 2 is a B-transform of J Ω . The above I is replaced by J + underlying the biHermitian description. However, the relaxed condition of tameness no longer ensures that θ j , µ j be Darboux coordinates in general. Boulanger then introduced a more restrictive subclass to reserve this property. Denote the space of T-invariant GK structures of symplectic type by
is called anti-diagonal if for the underlying complex structures J ± the following condition holds:
where D is again the Lagrangian distribution generated by {X j }.
Before proceeding further, let us introduce some notation. Following Boulanger,
we denote this subset of anti-diagonal elements in GK
is completely parameterized by its associated complex structure J + , we usually write J + ∈ GK T Ω (M) to imply this fact. Sometimes we also write 
except that φ is not necessarily symmetric. Note that here φ T denotes the transpose of φ. Integrability of J ± then forces the symmetric part φ s (= (φ + φ T )/2) of φ to be the Hessian of a function τ on∆ and the anti-symmetric part φ a (= (φ − φ T )/2) to be a constant anti-symmetric n × n matrix. Tameness then is simply equivalent to that τ is strictly convex. A detailed argument can be found in the next subsection in a more general setting. Another fact we should emphasize is that
if and only if for certain admissible coordinates, the matrix form of J + is anti-diagonal.
If the matrix form of J + ∈ DGK T Ω (M) is anti-diagonal w.r.t. the admissible coordinates θ j , µ j associated to a reference element I + ∈ DGK T Ω (M), for later use and also for the reader's convenience, we collect below the matrix forms of the underlying several geometric structures viewed as linear maps:
These are computed relative to {dθ j , dµ j } and {∂ θ j , ∂ µ j }, and "I" denotes the n × n identity matrix. It should be pointed out that due to our notation, the matrix form of the composition RS of two maps R and S isŜR rather thanRŜ, ifR,Ŝ are the matrix forms of R, S respectively. Another fact we shall mention here is that by abuse of language, we will not distinguish T-invariant smooth functions on M (orM ) from smooth functions on ∆ (or∆) as is often done in the literature.
Local theory.
Given a compact toric symplectic manifold (M, Ω, T, µ), in the following three subsections, we set it our goal to characterize elements in DGK
T Ω (M) step by step. To familiarize the reader with the technical background, let us begin with a slight generalization of Boulanger's observation.
Fix a basis {e j } of t and let {µ j } be the corresponding components of µ. Note again thatM is a trivial principal T-bundle over∆. Let ζ = j ζ j e j be a flat connection of this T-bundle. Due to the fact that the vertical distribution is Lagrangian, we must have a 1-form σ ζ = j h j dµ j with h j depending only on µ such that
We call the matrix F ζ := (h k,j − h j,k ) the associated matrix of the connection ζ.
Obviously, F ζ is determined by ζ. If F ζ happens to be a constant matrix, we say ζ is an admissible connection.
where ζ is an admissible connection onM , C is an anti-symmetric n × n constant matrix and τ is a strictly convex function on∆ such that its Hessian φ s makes the matrix
Conversely, such a triple (ζ, τ, C) also gives rise to an element in
T Ω (M) and X j be the fundamental vector field generated by e j . Tameness of J + with Ω assures that {X j , J + X j } be a global frame of TM. Let {ζ j , ϑ j } be the corresponding dual frame of T * M . Since J + is integrable and the action of T is abelian, ζ := j ζ j e j gives rise to a flat connection onM . Locally ζ j = dθ j , ϑ j = du j and {θ j + √ −1u j } is a local J + -holomorphic coordinate system onM (u j 's are actually global onM ). Then just as outlined in the previous subsection
where φ kj 's are functions only of µ, and
We now know that as mentioned before for some functions h j
or equivalently with respect to dθ, dµ
The same argument also applies to J − . There should be a local coordinate system {θ ′ j , µ j } and a matrix-valued function ψ only of µ such that
We shall prove that ψ is nothing else but φ T . Actually,
However, since dθ and dθ ′ are both flat connections on the same principal T-bundle,
we must have dθ ′ j = dθ j + df j for some functions f j depending only on µ. This observation implies ψ T φ −1 = I or equivalently ψ = φ T as required. Additionally, we must also have
Therefore,
and furthermore,
Consequently F kj,l = 0 and F is actually an anti-symmetric constant matrix, i.e. ζ is an admissible connection.
w.r.t. J + and J − respectively, integrability of J ± thus implies
Then we can conclude just as Boulanger had done in [4] that the anti-symmetric part φ a of φ should be a constant matrix C and the symmetric part φ s of φ be the Hessian of a function τ defined on∆. For the reader's convenience, we sketch the argument below. From Eq. (4.5), we find
inducing that (φ a ) kj,l = 0 and thus that φ a should be an anti-symmetric constant matrix. With this fact in mind, Eq. (4.5) is simplified:
which implies that φ s should be the Hessian of a function τ defined on∆. Note that the simply-connectedness of∆ should be used here to obtain the global existence on
To see what tameness of J + with Ω means, we should derive the matrix form of the metric g. Note that w.r.t. the frame {dθ, dµ},
Then due to the formula g = 1/2(J * + + J * − )Ω, we can find the matrix form of g relative to {dθ, dµ}:
It's elementary to find that positive-definiteness of g is equivalent to that both φ s and Remark. Several comments are disirable here. i) In our more general case, the matrix forms of J * + and J * − are not necessarily anti-diagonal in the fixed frame {dθ, dµ}. This happens only if F = 0, which is precisely what Boulanger called an anti-diagonal toric GK structure of symplectic type. ii) {θ j , µ j } has to be a Darboux coordinate system in Boulanger's case while in general this is not the case; iii) Our theorem reveals that the broader case of general toric GK structures of symplectic type is also, to some extent, very well-behaved. We will analyze such structures in a forthcoming paper.
The following theorem is our first basic observation in this paper, motivated by the general theory developed by the author in [21] .
Proof. Note that the notion of strong Hamiltonian action is independent of the splitting we choose. We are safe here if we only use the notion of Hamiltonian action in the ordinary symplectic sense. Obviously we only need to prove the theorem onM .
Let {e j } be a basis of t, {X j } its associated fundamental vector fields and {µ j } the corresponding components of µ. First note that due to Eq. (2.2),
and we can claim that the extended T-action is strong Hamiltonian if and only if
where D is the Lagrangian distribution generated by {X j }. Note that
and thus
The proof is thus completed.
From now on, we will consider J + ∈ DGK
T Ω (M) only unless otherwise stated. To motivate our further steps, some general discussion concerning the implication of Thm. 4.3 is desirable here. Due to the observation in [21] , in the metric splitting, in terms of the admissible coordinates {θ j , µ j } associated with J + , the infinitesimal extended action of t onM is given by (4.6)
Now that the extended T-action on M is strong Hamiltonian, it can be generalized complexified. Thus we have a GC action of T C on M. Especially in the present setting, Z := T C µ −1 (0) =M (we can make a translation if necessary to assure that 0 be a regular value of µ) is itself a T C -orbit. Therefore, from the general theory of [21] , M has to be a T-invariant Kähler manifold whose complex structure J 0 is actually induced from T C . Furthermore, as T C acts on M in a global fashion, it is hopeful that this J 0 would be actually a global complex structure on M.
On the other side, there does exist a compatible Kähler structure onM from
Boulanger's theory: Since the symplectic potential τ underlying Boulanger's result is a strictly convex function on∆, due to Abreu-Guillemin theory, it should define a Kähler structure at least onM , whose complex structure J ′ 0 has the matrix form below
where φ s is the Hessian of τ . We shall reasonably call J ′ 0 the average of J + and J − in the sense that φ s = (φ + φ T )/2.
The following theorem shows the two complex structures J 0 and J ′ 0 onM are actually the same. This provides an intrinsic explanation of the origin of Boulanger's symplectic potential τ -it is simply the symplectic potential of a genuine toric Kähler structure underlying the toric GK structure, as described in Abreu-Guillemin theory. 
To see the two symplectic structures coincide, we recall from [21] another interpretation of the Kähler structure ω: One can identify TM with K ⊕ J 1 K (see § 2 and § 3) via
where Y j = −J 1 (X j +ξ j ). Then J 0 is nothing else but the restriction of −J 1 on K⊕J 1 K andg is the restriction of the generalized metric
where Eq. (4.6) and the matrix form of J 2 from § 2 are used. Similarly,
The proof is then completed as expected.
J 0 is essential to interpret properly the geometry of the underlying toric GK structure J 1 . In this respect, we have 
Proof. We divide the proof into three steps. Note that throughout the proof we will use the admissible coordinates associated with J + .
Step 1. Prove β 1 J * 0 = J 0 β 1 or equivalently β 1 is of type (2, 0) + (0, 2) w.r.t. J 0 . Note that matrix forms of β 1 and J 0 are
The claim then can be directly checked.
Step 2. Prove J 0 β 1 + √ −1β 1 is holomorphic w.r.t. J 0 .
Let Y j = J 0 ∂ θ j . Firstly, one should note that {∂ θ j − √ −1Y j } is a J 0 -holomorphic frame of TM. Let du := −φ s dµ = −J * 0 dθ. Then {θ j , u j } is also a local coordinate system, and Y j = ∂ u j . Furthermore, {dθ j + √ −1du j } is a J 0 -holomorphic frame of
Secondly, the matrix form of −4β is
Since φ a is a constant matrix, we have proved that β is J 0 -holomorphic. The fact that β 1 is a Poisson structure, together with the above two steps, implies that β is a holomorphic Poisson structure relative to J 0 (or one can see this directly from the above local computation).
Step 3. Prove that J 1 is a B-transform of the GC structure J β .
We should find a 2-form b 1 such that 1 2
which, in components, is equivalent to
In terms of admissible coordinates {θ j , µ j }, we can choose
It is an elementary computation to see this b 1 does fulfill these equations (4.8) and (4.9).
Remark. Let φ a = (C kj ). From the above proof, in terms of the J 0 -holomorphic
Note that φ a should be interpreted as the matrix form of a skew-symmetric bilinear function c on t * relative to the basis {e j }, i.e.
(4.11) c = 1 2 j,k C kj e j ∧ e k and that β can be obtained from this expression by simply replacing e j 's with the J 0 -holomorphic part of X j 's. 3 This fact will be used in § 4.4 and § 5. Another fact one should notice is that the 2-form b 1 appeared in the proof is actually a global 2-form on M. Precisely, note that the 2-form 1/2 k,j C kj dµ j ∧ dµ k is globally defined on M as µ j 's are. Therefore
To conclude this subsection, let us have a look at the type of J 1 onM . At a point
x ∈M , this is the complex dimension transverse to the symplectic leaf of β 1 through
x. x is called regular if this number is constant around x. From Eq. (4.10), we see that points inM are all regular (actuallyM is a T C -orbit and the GC T C -action preserves J 1 ) and the common type is n − rk(φ a ).
4.3.
Compactification. Now we can start to tackle the subtle problem of compactification. It is the problem to determine whether a given J + ∈ DGK Proof. It suffices to prove the sufficiency part of the lemma.
Due to the formulae g = − By continuity, g should be nonnegative-definite on M\M . Since Ω = −2g(J + + J − ) −1 , the smoothness of (J + +J − ) −1 implies that g must be non-degenerate on M\M and therefore positive-definite there.
Take a reference element I ∈ DGK
T Ω (M) and let {θ j , µ j } be its associated admissible coordinates and ψ its associated matrix. We assume the matrix form of 
and the tensor [(J + + J − )/2] −1 has the form
Note that if g 0 , b 0 are the corresponding metric and 2-form associated to I, and g −g 0 , 
Proof. By Lemma 4.6 and the above argument, we know that J + ∈ DGK
T Ω (M) if the condition i) and the following condition hold:
T and thus
So our theorem holds as required. ii) φ T (φ s ) −1 φ − ψ and ψ(φ s ) −1 ψ − ψ can be extended smoothly to ∆.
As main applications of Thm. 4.7 and Corallary. 4.8, we prove two theorems. Note that
and similarly
Therefore we only need to check that φ −1 admits a smooth extension to ∆.
We know from Thm. 4.4 that onM
Since both µ k and Y j are globally defined on M, we know that these −dµ k (Y j )'s are T-invariant smooth functions on M, or equivalently smooth functions extending (φ −1 ) kj to the whole of ∆. This completes our proof.
Remark. In [4] , Boulanger obtained a similar result in real dimension 4. He had observed that a Kähler structure associated to J + ∈ DGK
T Ω (M) exists canonically in this dimension. In general he was not sure if φ −1 in the above proof is smooth on ∆ or not. It is the global picture provided by [21] that facilitates our analysis greatly.
One should note the role played by the metric splitting (this was missing in [4] ) in our proof, justifying our introduction of the general formalism in § 2 and § 3.
The above theorem finishes our argument that the average complex structure J 0 in the former subsection is actually a global object on M. As a result, we can conclude that β defined in the former subsection is a global holomorphic Poisson structure relative to J 0 and J 1 has to be a B-transform of J β . Now in our present setting, we also come to a good understanding of the mysterious GC action of T C .
Corollary 4.10. For J + ∈ DGK
T Ω (M), the associated GC action of T C covers the ordinary complexification of the J 0 -holomorphic action of T.
Proof. The result is obvious since at the infinitesimal level the extended t C -action covers the t C -action defined by
which is the ordinary J 0 -complexification of the t-action.
In the other direction, we have 
Note that ψ −1 is smooth on ∆, because (ψ −1 ) kj = Ω(∂ θ j , I∂ θ k ) is actually globally defined on M. Thus our proof amounts to checking that I + ψ −1 C is invertible on ∆.
Since ψ −1 is positive-definite in∆, we can take the square root ψ −1/2 and obtain
Notice that ψ −1/2 Cψ −1/2 is anti-symmetric, and thus that in∆ we must have
By continuity, we have on ∆ that det(I + ψ −1 C) ≥ 1 and thus I + ψ −1 C is both smooth and invertible on ∆. This completes our proof.
Remark. In [4] , a similar result is obtained from the viewpoint of deformation theory of GK structures: given a compact toric Kähler manifold, the Hessian ψ of the symplectic potential, together with an anti-symmetric matrix C which is sufficiently small, produces a toric GK structure on M. Our theorem is a strengthened version of this result, without the smallness requirement of C. In this respect, our theorem also goes beyond the scope of Goto's stability theorem.
Combining the two theorems together, we now can conclude that any element in Since J 1 is always a B-filed transform of J β , we can resort to some very general arguments concerning such structures in the existing literature. Especially Goto's work in [11] provides almost all the necessary material.
First, we review some basic notions. Our toric GK manifold M now carries a GC action of T C , which covers an ordinary J 0 -holomorphic action of T C on M. In this sense, M is a complex toric manifold, i.e., an n-dimensional complex manifold carrying a holomorphic T Goto has observed in [11] that for a GK manifold (M, J 1 , J 2 ) where J 1 is of the form J β , each Poisson submanifold of β is automatically a GK submanifold.
and V F the linear subspace of (R n ) * singled out by (u j l , µ) = 0, l = 1, 2, · · · , k. Let c F be the restriction of c = 1/2 j,k C kj e j ∧ e k on V F and r F be the rank of c F . Note that these u j l ∈ t generate a subtorus T 0F acting trivially on M F . Let T F be the quotient of T by T 0F . Then we have 
where Ω F is the restriction of Ω on M F and the type of J 1F in
Proof. Since the theorem is almost obvious, we only sketch a proof here. The pull-back of L 2 to a submanifold is a GC structure if and only if this submanifold is a symplectic submanifold and if this is the case, the pull-back of L 2 is again of symplectic type and the symplectic structure is precisely the pull-back of Ω (see [11] ). Thus on M F , J 2F
is of symplectic type whose symplectic structure is Ω F , which is a toric symplectic structure (this is only a restatement in the GK setting of the classical result for toric symplectic manifolds).
Let X h j be the J 0 -holomorphic part of X j and J 0F the restriction of J 0 on M F . Then the J 0 -holomorphic Poisson structure β = 1/2 j,l C lj X h j ∧ X h l and its restriction on M F is
Obviously all these structures on M F are T F -invariant and the T F -action is strong
We can choose the basis {e j } of t such that e 1 , · · · , e k lie in the Lie algebra of T 0F .
Then
which precisely corresponds to c F in the manner we have described at the end of § 4.2.
The remainder of this theorem follows directly from this observation.
4.5.
An explicit example on CP 1 × CP 1 . In this subsection, we construct a toric GK structure explicitly on M = CP 1 × CP 1 in the spirit of Thm. 4.11. Let M be equipped with the symplectic structure
which is Hamiltonian relative to the standard T 2 -action:
The infinitesimal action is given by
and the moment map for this toric symplectic manifold is chosen to be
Due to Guillemin's formula [16] (see Eq. (5.1)), the symplectic potential of the standard toric Kähler structure in this case is
whose Hessian ψ is
We would like to describe explicitly the many underlying geometric structures associated to an element of DGK
, where c = 0 is a real number. Note that
2 . For convenience, we introduce some notation:
Obviously, in the present setting J 1 should also be a B-transform of a symplectic structure Q by a 2-form b ′ , at least onM . Q should be the inverse of β 1 and just as how we obtain b we have
. Then in terms of the admissible coordinates θ j , µ j , we can write down the several structures explicitly:
Note that the pure spinors J Ω ). Basically, we have
Substituting these into b ′ − b − √ −1Q, we finally get
Note that
is a real and global 2-form on CP 1 × CP 1 and the underlying holomorphic Poisson structure β is −cz 1 z 2 ∂ z 1 ∧ ∂ z 2 , the inverse of
The type-jumping locus of J 1 consists of four lines:
Away from the four fixed points, the type-jumping locus is non-degenerate in the sense of Cavalcanti and Gualtieri in [6] .
Generalized Delzant construction
To construct a nontrivial GK structure in the manner of Thm. C will produce a toric GK structure on M ∆ . This raises the natural question that whether such a toric GK structure is the result of GK reduction of a toric GK structure on C d , just as M ∆ is the Kähler reduction of the standard Kähler structure on C d . In this section, we mainly prove that this is really the case.
5.1. The general mechanism. Given a Delzant polytope
as found by Guillemin in [16] , the standard symplectic potential
on∆ determines the standard Kähler structure on M ∆ in Delzant's construction.
Now if an additional n × n anti-symmetric constant matrix C is prescribed, then the pair (τ, C) generates a toric GK structure on M ∆ in the manner described in Thm. 4.11. We now prove that this slightly "twisted" version of the standard Kähler structure on M ∆ can be interpreted as reduced from a toric GK structure on C d .
Let us first describe the standard Kähler structure on C d in the spirit of AbreuGuillemin theory. C d is equipped with the standard symplectic form
and the also standard action of a d-dimensional torus T d :
The infinitesimal action is generated by
This action is Hamiltonian with a moment map ν :
For the definition of a Delzant polytope, see [16] .
In terms of admissible coordinates θ, ν, the metric on C d is of the following form:
Thus the canonical Kähler structure is described by the diagonal matrix
and the corresponding symplectic potential is
To see how the anti-symmetric n × n matrix C is related to structures on C d , note that in Delzant's construction we have the linear map ς :
{e j } is the standard basis of R d . Let n be the kernel of ς. Then we have the short exact sequence
where each term should be interpreted as the Lie algebra of the corresponding torus and ι is the natural inclusion map. We have an induced map ς ∧ :
Intrinsically understood, C is a skew-symmetric bilinear function on (R n ) * in which the moment map µ on M ∆ takes values. This means C lives in
To summarize, we have
in the manner of Thm. 4.11.
Proof. The pair (τ 0 , C 0 ) certainly defines a toric GK structure in DGK
To see it extends smoothly on the whole of C d . We can go along the same line in the proof of Thm. 4.11, and thus omit the details.
It is of some value to have a close look at the GK structure on C d before going on.
In the present context, the average complex structure I 0 is actually the standard one 
C 0kj e j ∧ e k , then the underlying I 0 -holomorphic Poisson structure β 0 is
which is quadratic.
Note that the short exact sequence (5.2) of Lie algebras lifts to the level of Lie groups: Proof. First we should notice that the present situation does fit in well with the general formalism developed in [20] [21]. So we do have a GK quotient by the action of N.
Additionally, the story is rather trivial from the symplectic side-it is essentially the classical symplectic reduction. The point now is to show the quotient GK structure does lie in DGK T n Ω (M ∆ ) and is parameterized by the pair (τ, C). We divide the proof into several steps:
Step 1. The reduced GK structure
One can choose a splitting of the short exact sequence (5.3) such that
This is always possible, e.g. one can choose the stabilizer of x ∈ Z := ν −1 (0) such that
) is a vertex of ∆ where [x] is the image of x in the quotient Z/N. The action of T n on C d commutes with that of N and the residual T n action on M ∆ should preserve the many reduced structures. The reduced GK structure is obviously of symplectic type and acquires the moment map µ in the usual way. This shows
Step 2. The reduced GK structure J 1 ∈ DGK T n Ω (M ∆ ). According to Thm. 4.3, we only need to show the residual T n -action is strong
Hamiltonian. We should change our viewpoint slightly to look at the GIT quotient of
and N C acts on it in a GC fashion. Then J 1 on M ∆ is precisely the reduction of
where {X j + ξ j } denotes the infinitesimal extended action on N C Z of a basis f j ∈ t n and [X j + ξ j ] its image under the quotient map. The last equality is due to the fact that the action of T d on C d is strong Hamiltonian. This proves that the residual T n -action on M ∆ is strong Hamiltonian.
Step 3. The average complex structure J 0 associated to J 1 is parameterized by τ . This is fairly easy if we again pay attention to the GIT quotient of J 10 . Note that J 0 restricted onM ∆ is actually obtained from the GC action of T n C while this action stems from the quotient action of T Step 4. The underlying J 0 -holomorphic Poisson structure β associated to J 1 is parameterized by C.
Note that β can be extracted from the formula β(df, dg) = − √ −1 2 β 1 (df, dg) = − √ −1 2 (J 1 df, dg), where f, g are local J 0 -holomorphic functions on M ∆ . Let q be the quotient map from N C Z to M ∆ . Then q * (f ), q * (g) are I 0 -holomorphic functions on N C Z and (J 1 df, dg) = (J 10 dq * (f ), dq * (g)) = 2 √ −1β 0 (dq * (f ), dq * (g)).
That's to say β = q * (β 0 ). This implies that β is precisely the J 0 -holomorphic Poisson structure corresponding to C.
The above theorem has an interesting implication. Usually, the Kähler structure Note that in this case, ς(e 1 ) = (1, 0), ς(e 2 ) = (0, 1), ς(e 3 ) = (−1, −1) and thus ς(e 1 + e 2 + e 3 ) = 0. Therefore, ς ∧ (C 0 ) = (c 1 − c 2 + c 3 )ς(e 1 ) ∧ ς(e 2 ).
It is this combination c 1 − c 2 + c 3 that will finally matter for the reduced structure on CP 2 . In particular, if c 1 + c 3 = c 2 while c 1 , c 2 , c 3 are not all zero, the reduced structure is the standard Kähler structure on CP 2 , although the initial structure on C 3 is not its standard one.
In [20] , a similar reduction procedure was applied to C d to get nontrivial GK structures of symplectic type. The starting point was to fix Ω 0 and meanwhile deform the standard complex structure on C d in a compatible way. GK reduction then assures that the quotient be a nontrivial GK structure of symplectic type. The generalized Delzant construction introduced above seems conceptually much easier. However, it
can not be viewed as a practical method to produce toric GK structures for all such structures on M ∆ can be directly obtained by using Guillemin's formula (5.1) for the symplectic potential and an additional anti-symmetric matrix. Generalized Delzant construction can really be used for other purposes: In the next subsection, it will be used to construct non-abelian examples of strong Hamiltonian actions. Another possible use was suggested by [21] : N C Z in the construction is a generalized holomorphic principal N C -bundle, and it can be used to produce J 1 -generalized holomorphic vector bundles (actually holomorphic Poisson modules in this case, see [15] ) on M ∆ .
We will investigate this possible use elsewhere.
Examples of non-abelian strong Hamiltonian action.
Up to now, we have only been dealing with strong Hamiltonian actions of tori. Actually, in [21] only one example of non-abelian strong Hamiltonian action was given. In this subsection, we construct more examples by using generalized Delzant construction introduced in § 5.1. The final result, more or less, is similar to the example provided in [21] , but conceptually simpler and more practical.
The idea goes as follows: Starting with an (n+1)×(n+1) anti-symmetric matrix C, by generalized Delzant construction we can construct a toric GK structure (J 1 , J 2 ) of symplectic type on CP n whose symplectic structure is exactly the standard FubiniStudy form Ω. However, Ω has much more symmetries than just T n . Precisely, U(n + 1) acts naturally on CP n in a Hamiltonian fashion and even the underlying average complex structure J 0 is preserved by this action, but in general it will not preserve the J 0 -holomorphic Poisson structure β. However, it may be possible that by choosing C and a non-abelian subgroup G ⊂ U(n + 1) carefully we can finally get the examples we want.
Since on C n+1 the holomorphic Poisson structure β 0 is
c lj z j z l ∂ z j ∧ ∂ z l , its reduced version on CP n is
c lj w j w l ∂ w j ∧ ∂ w l .
Note that either µ ′ is another Casimir function. This is enough for deriving that the β 1 -Poisson bracket of any two components of µ also vanishes. Our proof is thus completed.
Appendix
We collect some facts concerning matrices here. They are elementary but frequently (maybe implicitly) used in the main text of this paper. For a matrix A, let A T be its transpose and A s , A a its symmetric and anti-symmetric parts respectively. In the following, let A be an n × n invertible matrix and B its inverse. 
